The highest value of the dimensionless figure of merit ZT obtainable from a given electronic structure was quantitatively estimated from the linear response theory by considering the normalized spectral conductivity. It was found, by calculating ZT from the possible electronic structures, that the bulk materials with the electronic structure consisting of two bands overlapping together near the Fermi level have potential to possess a large ZT-value exceeding unity.
Introduction
Recently, thermoelectric materials attract a considerable interest because the thermoelectric power generator, in which thermoelectric materials are used, is capable of relaxing the serious problems about the running out of fossil fuels and the global warming caused by the increase in anthropogenic greenhouse gas concentration due to the burning of the fuels. Unfortunately, however, the efficiency of energy conversion in the thermoelectric power generator is rather poor and limited below 20% of the Carnot efficiency. This poor efficiency has prevented us from widely utilizing the thermoelectric power generator in variety of applications. In order to relax the serious problems about the running out of fossil fuels and the global warming by widely using the efficient thermoelectric power generator, the development of new thermoelectric materials possessing a sufficient performance are strongly required.
The performance of thermoelectric materials is measured by using the dimensionless figure of merit, ZT ¼ S 2 T=, because the efficiency of energy conversion in the thermoelectric power generator, which is connected to the heat-sink of high temperature T h at one side and that of low temperature T L at the other side, monotonically increases with increasing ZT 1) as
Here S, , and represent thermoelectric power, electrical conductivity and thermal conductivity, respectively. These three thermoelectric properties are closely related with each other because the common factors, such as carrier concentration and carrier mobility, simultaneously and strongly affect their magnitude. It is widely believed, therefore, that the optimal condition to obtain the maximum ZT-value is hardly predicted. Since semiconducting materials were predicted to possess a large ZT-value and this prediction was confirmed experimentally, 1) many practical thermoelectric materials have been developed over last 50 years by searching the optimal condition of the maximum ZT-value for semiconducting materials mainly with trial and error method. Now it becomes difficult to find new thermoelectric materials with this trial and error method.
Recently, some new ideas to increase the ZT-value of thermoelectric materials were proposed. Those are the ideas using ''the electron crystal and phonon glass'', 2, 3) ''the lowdimensional nano-structures'', 4, 5) ''the strongly correlated materials'', 6, 7) ''the Kondo-semiconductors'', 8) and ''the weakly bonded rigid heavy clusters''.
9) New thermoelectric materials with a large ZT-value were indeed developed on the basis of these ideas. Unfortunately, however, a considerable breakthrough promoting the growth of thermoelectric applications has not been obtained even with these new ideas. Therefore we have to find a new, more effective guiding principle to develop a practical thermoelectric material of extremely high performance.
We realized, from our recent studies, that the thermoelectric properties associated with electrons are quantitatively predicted or reproduced by using the linear response theory, provided that reliable information about the electronic structure is simultaneously used. [10] [11] [12] [13] [14] This fact suggests that a guiding principle to develop a new thermoelectric material can be constructed in terms of electronic structure rather than separately considering the three correlated thermoelectric properties, electrical conductivity , thermoelectric power S, and thermal conductivity .
In this paper, we propose a new strategy to obtain a practical thermoelectric material of high performance on the basis of the calculation of the dimensionless figure of merit ZT ¼ S 2 T= using the linear response theory and the electronic structures potentially persisting in some materials. Some groups of materials possessing such an electronic structure will be also introduced.
Equations to Estemate the Thermoelctric Properties
The linear response theory is generally used to evaluate the electron transport properties. Notably it is used both in the Boltzmann transport equation and the Kubo-Greenwood formula. 15) In this theory, the following formulae are used to describe the thermoelectric properties in association with the conduction electrons.
Here, ð"; TÞ, f FD ð"; TÞ, and indicates spectral conductivity, Fermi-Dirac distribution function and chemical potential, respectively. Note here that the chemical potential is equivalent to the Fermi level " F at 0 K, but deviates from " F with increasing temperature. 15) Equations (2)- (4) suggest that only two terms have to be considered to understand the behaviors of thermoelectric properties, i.e., the spectral conductivity ð"; TÞ and the energy derivative of the Fermi-Dirac distribution function ðÀ@ f FD ð"; TÞ=@"Þ. The latter function ðÀ@ f FD ð"; TÞ=@"Þ in the integrands is easily calculated at a given temperature and plays a role of a window limiting the energy range of integration. [10] [11] [12] [13] [14] It is, therefore, naturally understood that the spectral conductivity ð"; TÞ solely determines these three thermoelectric properties at a given temperature. It is explained, in other words that we should not separately deal with the three different transport properties but solely with the ð"; TÞ to develop the materials with a large ZT-value. By knowing that the spectral conductivity ð"; TÞ is mainly determined by electronic structure, one may realize that the reliable information about the electronic structure is of great importance.
Recently, the developments in the first-principle band calculation and the photoemission spectroscopy allow us to obtain reliable information about the electronic structure. By using eqs. (2)- (4) together with the spectral conductivity calculated from the electronic structure, we succeed in interpreting the unusual behaviors in electron transport properties, ðTÞ, SðTÞ, and el ðTÞ, observed for some different groups of material. [10] [11] [12] [13] [14] With keeping this fact into mind, we mathematically transformed the ZT-formula into a slightly modified form.
Two factors are extracted from eq. (5). The first factor,
is a property of conduction electrons and solely determined by the spectral conductivity ð"; TÞ. The second factor
on the other hand, is determined by the ratio of lattice thermal conductivity to that of electrons, R ¼ ph = el . Note here that the magnitude of factor B shown in Fig. 1 obviously reduces from unity to zero with increasing R. This fact unambiguously indicates that the factor B always makes ZT-value smaller, while that the magnitude of factor A represents the maximum ZT value obtainable at a given spectral conductivity. It was also found that the magnitude of factor A is not affected by the magnitude of the spectral conductivity but by its energy dependence. It is explained, in other words, that even if norm ð"; TÞ ¼ ð"; TÞ=C was substituted for ð"; TÞ in the calculation of A, the same result should be obtained because the energy independent factor C comes out from the integrals in eqs. (2)- (4) and disappears in eq. (5) due to its presence both in the denominator and numerator. The same is true even if the factor C varies with temperature, provided that C has no energy dependence or negligibly small energy dependence.
In the following section, the magnitude of A, which represents the maximum ZT-value at a given spectral conductivity, is calculated using the models of spectral conductivity obtainable for some real, bulk materials.
The Maxium ZT-Value in a Free Electron Like Electronic Structure
As it has been frequently employed, we start with the simplest electronic structure, the free-electron-like single band model in the 1-to 3-dimensional space, partly because the electronic structure near the band edge is generally well accounted for with this model, and partly because a large ZTvalue is obtainable when the chemical potential is located near the band edge such as that in degenerate semiconductors. The energy-momentum dispersion in this model is expressed as " ¼ h 2 k 2 =ð2m Ã Þ, where h and m Ã indicates the Planck constant and the effective mass of electrons, respectively. In the case of free-electron-like model, the Boltzmann transport equation in an isotropic systems,
should be applicable to describe the spectral conductivity.
Here Dð"Þ, v G ð"Þ ¼ jv G ð"Þj, and ð"; TÞ indicate electronic density of states, magnitude of group velocity, and relaxation time, respectively. Generally speaking, the temperature dependence of electrical resistivity in metals is caused by the temperature dependence of relaxation time, ð"; TÞ. One may, therefore, seriously concern about the effect of the complicated temperature dependence in the spectral conductivity when calculating A. However, if an energy independent mean free path ('ð"; TÞ ' 'ðTÞ), or an energy independent relaxation time (ð"; TÞ ' ðTÞ) is assumed, those terms possessing strong temperature dependence disappear from eq. (5) as it was explained in the previous section. As far as we observed in our photoemission experiments of various metallic materials including the materials of strong electron correlation, the energy dependence of the relaxation time is negligibly small in the energy range where the electrons determine the transport properties. 13, 14, [16] [17] [18] Thus we do not have to seriously concern about the temperature dependent spectral conductivity ð"; TÞ but simply use the temperature independent normalized spectral conductivity as norm ð"Þ ¼ ð"; TÞ=ðTÞ or norm ð"Þ ¼ ð"; TÞ='ðTÞ.
Under the assumption of energy independent mean free path, we calculated the normalized spectral conductivity norm ð"Þ of the free-electron-like states which varies with being proportional to ð" À " 0 Þ 0 , ð" À " 0 Þ 1=2 , and ð" À " 0 Þ for the 1-, 2-, and 3-dimensional model, respectively. Here " 0 represents the lowest energy of the free-electron band. In the case of the energy independent relaxation time, we obtain norm ð"Þ which is proportional to ð" À " 0 Þ 1=2 , ð" À " 0 Þ, and ð" À " 0 Þ 3=2 for 1-, 2-, and 3-dimensional model, respectively. One can easily confirm these tendencies by knowing the fact that the magnitude of group velocity is expressed as
The magnitude of A-factor representing the maximum ZT-value at a given spectral conductivity is calculated from norm ð"Þ / ð" À " 0 Þ n (n ¼ 0; 1=2; 1; 3=2) with varying chemical potential.
Before showing the result, we should stress here that only a few assumptions were used in this calculation; the freeelectron-like band structure at the band edge and the energy independent mean free path or the energy independent relaxation time. The free-electron-like band structure at the band edge is well applicable for the system with small number of carriers (electrons or holes) in the band, and the energy independent mean free path or the energy independent relaxation time was confirmed to be valid in many papers including our previous ones. [10] [11] [12] [13] [14] [19] [20] [21] It should be also noted here that the present calculation has advantage in the calculation of ZT-value because the straightforward numerical integration was used instead of the complicated mathematical transformations employed in many other theoretical papers. [19] [20] [21] [22] [23] This advantage was explained in more detail elsewhere. [10] [11] [12] [13] [14] The calculated value of A is shown in Fig. 2(a) as a function of chemical potential together with norm ð"Þ used in the calculation in (b). Obviously the factor A possesses a larger value with larger exponent n in norm ð"Þ / ð" À " 0 Þ n . This fact clearly indicates that the three-dimensional model always possesses a larger A-value than that of the one-or two-dimensional model at a given chemical potential. It is also easily realized that the value of A increases with decreasing chemical potential, and that the large A-value exceeding 2 is obtainable at a chemical potential near the band edge.
One has to remember, however, that the magnitude of factor B becomes much smaller than unity at this particular condition because the chemical potential near the band edge limits the number of electrons in the band to a small value. The small number of carriers definitely makes el much smaller than ph , and a large R-value exceeding two, a small B-value less than 1/3, and consequently a small ZT-value much less than unity must be obtained. It is strongly argued, therefore, that as far as the degenerate semiconductors possessing a very simple free-electron-like electronic structure near the band edge are used, we cannot obtain a large ZTvalue much larger than unity.
It is often argued that the magnitudes of thermoelectric power and power factor PF ¼ S 2 increase when the slope of electrical density of states at the Fermi level ð@Nð"Þ=@"Þ "¼" F becomes larger. One may, therefore, feel strange by knowing the difference of our newly proposing condition from a large ð@Nð"Þ=@"Þ "¼" F to obtain a large ZT-value.
We stress here that the argument using ð@Nð"Þ=@"Þ "¼" F is valuable only when the spectral conductivity is directly proportional to the density of states and linearly varying with energy. This condition is satisfied for some metallic elements, such as fcc cupper and other simple metals, over a wide temperature range, but is applicable only in a very low temperature for the thermoelectric materials possessing a fine electronic structure in the vicinity of " F including the materials well described with the present model. Equation (3) suggests that the larger magnitude of thermoelectric power is obtained with a larger ratio R in magnitude of spectral conductivity around 1.5 k B T above the chemical potential to that around 1.5 k B T below the chemical potential. [10] [11] [12] [13] [14] In the present model, the large R is obtained with a larger value of n, because it is described as 
In the case of a spectral conductivity linearly varying with energy as ð"Þ / ðNð" F Þ þ ð@Nð"Þ=@"Þ "¼" F ð" À " F ÞÞ, a larger R is obviously obtained with a larger ð@Nð"Þ=@"Þ "¼" F because R is explained as R ¼ ðNð" F Þ þ 1:5k B Tð@Nð"Þ=@"Þ "¼" F Þ= ðNð" F Þ À 1:5k B Tð@Nð"Þ=@"Þ "¼" F Þ. Thus we strongly argue that our newly proposing condition is consistent with the wellknown strategy of a large ZT-value, although the latter is applicable only for limited materials. Before leaving the calculation with the free-electronlike electronic structure, we should make comments on the previously reported calculation using low-dimensional structures.
Hicks and Dresselhause proposed that ZT drastically increases in low dimensional quantum-well structures. 4) The large ZT-values obtained in their calculation was mainly brought about by the step structure in the electronic density of states which is produced by the band edge of the subbands. The decrease in lattice thermal conductivity due to the well also makes the magnitude of ZT-value larger, although it is considered as a rather minor effect. In the present calculation, we also employed one-and two-dimensional structure, but the presence of sub-bands was not assumed because the two dimensional materials, such as the layered cupper oxides [12] [13] [14] and the layered cobalt oxides, [16] [17] [18] does not possess such sub-bands. The absence of the sub-bands prevented us to obtain the drastic increase in ZT-value predicted by Hicks and Dresselhause 4) even with the lowdimensional structures.
Possible Electronic Structures for a Large ZT-Value
Exceeding Unity
In this section, we propose a new model of electronic structure to develop the thermoelectric materials possessing a high ZT-value exceeding unity. We found in the previous section that a larger magnitude of A is obtained when the chemical potential exists near the band edge and the exponent n in norm ð"Þ / ð" À " 0 Þ n is large. Unfortunately, however, the n-value larger than 3/2 is unlikely to be obtained as far as the assumptions of free-electron-like, single band and the assumptions of constant mean free path or constant relaxation time are used. By knowing that the large exponent n in norm ð"Þ / ð" À " 0 Þ n indicates more significant variation of norm ð"Þ with varying energy, one may realize some other electronic structures capable of leading to the large magnitude of A. One typical example is norm ð"Þ consisting of a step function as that used in the low dimensional sub-bands model. 4) The chemical potential dependence of A was calculated for a hypothetical spectral conductivity consisting of a step function, in which the magnitude of spectral conductivity increase from Int2 to Int1 at a given energy " step . We employed three different magnitude ratio at the step, Int1/ Int2 = 10, 100, and 1000. Since " step is not the energy of band edge and a finite magnitude of spectral conductivity persists at the energy range below " step , we calculated the magnitude of A even at the negative value of À " step . This hypothetical spectral conductivity is shown in Fig. 3 together with the calculated A-value. Obviously, the magnitude of A increases with increasing Int1/Int2, and a very large magnitude of A exceeding 3 is easily obtained in this hypothetical model. In sharp contrast to the free-electron model, this model provides us with a finite magnitude of spectral conductivity at the energy range below " step . This finite magnitude, Int2, leads to a finite electrical conductivity even with the condition of < " step . The finite value of el must lead to a relatively large magnitude of the factor B. The consequently obtained large magnitudes both in A and B definitely provide us with a large magnitude of ZT exceeding unity.
Unfortunately, however, it is very difficult to obtain a step function with a large Int1/Int2 ratio in norm ð"Þ of real, bulk materials. Instead of using this hypothetical spectral conductivity possessing a step-structure, we propose here a possible electronic structure showing a step-like behavior in its energy dependence. That is a model consisting of two bands possessing a fairly different energy-width. By placing the narrow band at the energy near the band-edge of wider band, we can obtain a step from the small magnitude of wider band to the large magnitude of narrower band, such as the step from Int2 to Int1 in the step-function model.
The result obtained from the hypothetical spectral function consisting of a step-function suggests that the magnitude of A becomes larger with larger Int1/Int2 ratio with the chemical potential located at the energy range where the smaller intensity Int2 persists. Such a smaller magnitude is obtainable near the band edge rather than the center of band. One may, therefore, naturally realized that the chemical potential must be located at the energy range between the edge of the wider band and the step as " 0 < < " step . Figure 4 (a) shows the density of states consisting of the two bands calculated under the assumption of tight-binding model with a three-dimensional simple cubic lattice by assuming a large difference in the band-width, w1/w2 = 10. The spectral conductivity calculated under the assumption of energy independent mean free path and that of energy independent relaxation time is also shown in Fig. 4(b) and (c), respectively. The spectral conductivity near the band edge is enlarged in Fig. 4(d) and (e) for the sake of better understanding. Obviously, a step-like structure appears in the density of states, and this characteristic persists even in the spectral conductivity, although the step-structure becomes less obvious in the latter because of the small group velocity of the narrower band.
In order to calculate the magnitude of A, the wider band is tentatively assumed to have 120k B T in energy-width. The narrower band of 12k B T in width is located near the band edge of the other band with its center at 7.5 k B T from the edge. The magnitude of A was calculated as a function of chemical potential. The resulting A is shown in Fig. 4(f) as a function of chemical potential together with the calculated value without the narrow band.
The structure of the tight-binding band is well approximated with the free-electron model at its band edge, and therefore the chemical potential dependence of A-value without the narrow band shows almost the same behavior with that of the three-dimensional free-electron model shown in Fig. 2 . Notably, however, the magnitude of A is significantly enhanced when the narrow band is additionally located near the band edge of the wide band. It should be also mentioned that the presence of the narrow band together with the wide band causes an increase in the electron thermal conductivity, and therefore the magnitude of B is effectively increased. The large magnitude of A exceeding 3 together with relatively large B naturally leads to a large magnitude in ZT, which may exceed unity.
The present model has the step structures not only at " step À " edge ¼ 1:5 k B T but also at 13.5 k B T. Note, however, that the step-structure persisting at " step À " edge ¼ 13:5 k B T has less importance because the wider band has a rather large magnitude at this energy range. Although finite increase of A-value, which is caused by the step-structure, is observable around À " edge ¼ 13:5k B T, the magnitude is limited less than 0.25. This result strongly let us consider that we have to place the chemical potential near the edge of the wider band to obtain a large A-value exceeding unity. It is explained, in other words, that the use of degenerate semiconductor possessing some additional narrow bands near the chemical potential is of great importance to obtain a practical thermoelectric material. We conclude from the present calculations that the degenerated semiconductors with two bands possessing a different energy-width and overlapping with each These spectral conductivity near the edge of wider band is magnified using the thick solid line in (d) and (e) for the constant mean free path and constant relaxation time model, respectively, together with that of the wider band using the thin line. The factor A ¼ S 2 T= el , which represents the maximum ZT-value, is calculated from the spectral conductivity shown in (d) and (e), and the calculated A is shown in (f) as a function of chemical potential.
other near the chemical potential are the potential candidates for the thermoelectric material of a large ZT-value exceeding unity even in the bulk form.
We have to make a comment on ''the multi-band model'' previously proposed by Tse and Klug. 24) Our proposed idea using several bands possessing a different effective mass is essentially the same with the ''the multi-band model'' of Tse and Klug. Note, however, that the use of the band-edge of the wider band, which is one of the most important arguments to get a large A-value in this study, was not suggested in the Tse-Klug's ''multi-band model''. Thus, we safely argue that our proposing idea of the degenerated semiconductors consisting of two bands possessing a different energy-width and overlapping with each other near the chemical potential would be a new, effective idea to produce practical thermoelectric materials.
Discussion
We propose, here, two groups of materials that possibly have an electronic structure in the conditions mentioned above.
Alloys consisting of simple metal elements and transition metal elements are proposed as the first possible candidate because the wider s; p-bands are supposed to overlap with the narrower d-bands. Degeneracy of the several d-bands would make the step in spectral conductivity more significant. Unfortunately, however, the energy width of the narrow dband in transition metal oxides generally exceeds a few eV, which is slightly wider than the energy width required for the narrow band used in our present analysis. Since the energy width of the band is determined from the transfer integrals between the neighboring local wave functions, one may find some transition metal alloys with a large ZT, provided that the alloys are characterized by a relatively low packingdensity. Band folding due to the small Brillouin zone also makes each d-band narrower, and therefore transition metal alloy with a complex structure would be another candidate.
Transition metal oxides, in which all the bands possess a relatively narrower energy-width because of the relatively low packing density and subsequently obtained small transfer integrals, is another candidate possessing the particular electronic structure leading to a large A-value. The bands consisting of the d-orbital spreading towards the neighboring atoms have a relatively wider energy-width, while the bands of d-orbital spreading towards the vacant spaces must possess a narrower width. If those bands overlap with each other with the chemical potential near the band edge, the materials would possess a large ZT-value.
Note here that the electronic structure of the layered cobalt oxide Na x CoO 2 near the chemical potential is characterized by the several narrow-band overlapping with each other. Although the width of each band is not significantly different, it possesses the similar energy dependence in spectral conductivity we proposed in this paper because of the nontrivial energy-momentum dispersion. [16] [17] [18] Finally, the role of factor B is discussed in more detail. The factor B in a given electronic structure is increased by the small ph or large el . This condition would be realized if the ideal condition of electron crystals and phonon glass (ECPG) were satisfied. The concept of ECPG is know as one of the most famous guiding principles to prepare a thermoelectric material of high performance.
2) We should stress, however, that a large ZT-value exceeding unity cannot be obtained solely with a large magnitude of factor B even if it reaches nearly the maximum, because the magnitude of B never exceed unity. Thus the B-factor must be considered as less important, while the characteristic spectral conductivity and the resulting A should be the dominant factor for a large ZTvalue exceeding unity. Note that the concept of ECPG is still useful, but only when materials possess the electronic structure capable of possessing a large A-value.
It should be also mentioned that the magnitude of factor B is effectively increased almost independently from the factor A by artificially introducing a super structure or by selecting materials with a large lattice constant. This is because that a superstructure or a large unit cell leads to the reduction in size of the first Brillouin zone, and consequently to the reduction in the number of acoustic phonons and to the development of the umklapp scattering of phonons. This mechanism was discussed in detail in our previous paper.
11)
Combinational use of the newly proposed conditions for the factors A and B would provide us with a bulk material possessing a large ZT exceeding unity. We strongly hope that new thermoelectric materials of a large ZT-value will be developed with the idea proposed in this paper.
Conclusion
In this paper, we employed a new method to evaluate the maximum dimensionless figure of merit ZT obtainable from a given electronic structure. By calculating the maximum dimensionless figure of merit from possible electronic structures, we found that the degenerated semiconductors consisting of two bands could have a large ZT-value, provided that those bands possess different energy-width and overlap with each other near the chemical potential.
